Spring 2006 Qualifying Exam

Part II

Mathematical tables are provided.  Formula sheets are provided.
Calculators are allowed.

Please clearly mark the problems you have solved and want to be graded.  Do only mark the required number of problems.

Physical Constants:

Planck constant: h = 6.6260755  10-34 Js,  = 1.05457266  10-34 Js 
Boltzmann constant: kB = 1.380658  10-23 J/K 

Elementary charge: e = 1.60217733  10-19 C 

Avogadro number: NA = 6.0221367  1023  particles/mol 

Speed of light: c = 2.99792458  108  m/s 

Electron rest mass: me = 9.1093897  10-31 kg 

Proton rest mass: mp = 1.6726231  10-27 kg 

Neutron rest mass: mn = 1.6749286  10-27 kg 

Bohr radius a0 = 5.29177  10-11 m 

Compton wavelength of the electron: c = h/(me c) = 2.42631  10-12 m

Permeability of free space:  0 = 4 10-7 N/A2
Permittivity of free space:  0 = 1/0c2
Gravitational constant: G = 6.6726  10-11 m3/(kg s2)

Conversions:

Light year: 1 ly = 9.46  1015 m
Atomic mass unit: 1 u = 1.66  10-27 kg
Section I:

Work 2 out of 3 problems, problem 1 – problem 3.

Problem 1:

A child slides down a frictionless slide as shown in figure.

(a) What is the minimum value of R for the child to not immediately loose contact with the section of Radius R?

(b) If R is larger than that minimum value at what height h will the child loose contact with the section of radius R?
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(c)  If R is smaller than that minimum value, how far from the end of the section with radius R will the child land?

Problem 2:

A star is moving towards the earth at a speed of  3 x 106 m/s.  This speed was determined by observing that the wavelength of a particular spectral line was shifted by 1 nm. 
(a) What is the wavelength of the spectral line that must have been used for this measurement? 
(b) Was the shift towards shorter or longer wavelengths? 
(c) When observing a different star from earth, the frequency for that particular line is observed to have increased by 80%.  How fast is that star moving relative to earth? 
(d) Is it moving towards or away from Earth?
Problem 3:

Consider two-flavor neutrino mixing.  The energy (or mass) eigenstates 
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 are related to the flavor eigenstates 
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.  The energy eigenvalues are E1 and E2, with E1  E2.  Assume the system starts at time t = 0 in the electron-neutrino state 
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.  What is the probabilities that at time t the system will be found in the -neutrino state 
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Section II:

Work 4 out of 5 problems, problem 4 – problem 8.

Problem 4:

Consider a two dimensional vector space with an orthonormal basis {| ↑>, | ↓>}.Consider an operator whose matrix in that basis is
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(a)  Show that the S operator is Hermitian.

(b)  Calculate its eigenvalues and eigenvectors.

(c)  Verify that the eigenvectors satisfy the completeness relation.
Problem 5:
A simple pendulum of length b with a bob of mass m is attached to a massless support moving horizontally with constant acceleration a.  
(a) Compute the Lagrangian function.  
(b) Write down Lagrange’s equation of motion.  
(c)  Simplify and compare the equation of motion to that for a simple pendulum with a fixed (motionless) support.
Problem 6:

Starting with Maxwell’s Equations:

(a)  Derive the wave equations for a light wave in vacuum. Write out solutions for these equations for E and B.

(b)  Show that the electric and magnetic fields are in phase, perpendicular to each other and perpendicular to the direction of motion. 

(c)  Determine the relative magnitude of the E and B fields. 

Problem 7:

A mass m fixed to a spring of spring constant k and immersed in a fluid provides a model for a damped harmonic oscillator.  A circuit with inductance L, capacitance C and resistance R provides an electric analog to such an oscillator.

(a) Write out the circuit equation for the LCR circuit and Newton’s second law of motion for the damped oscillator.  What assumption must be made about the dependence of the damping of the mass on velocity for the two equations to have the same mathematical form?

(b)  How are the constants m, k, and b (damping constant) related to the circuit constants L, C and R?  To what parameters of the electric circuit are the mechanical quantities x (displacement) and v (velocity) related? 

(c)  Derive and expression for the displacement and velocity in the limit of weak damping.

(d)  What voltages measured in the circuit would give values proportional to the displacement and velocity of the mechanical oscillator?

Problem 8:

(a) Observer A is stationary in a laboratory on Earth’s surface and observer B is in a laboratory moving at high velocity parallel to Earth’s surface (neglect the curvature of the earth in the subsequent considerations) and parallel to the x axis.  Assume that the observers each witness two separate lightning strikes on the surface of the earth lying along the x axis. 
(i) Describe concisely a practical scheme whereby observer A can determine whether the two lighting strikes occurred simultaneously in her reference frame.
(ii) Show that if observer A concludes from her observations that the strikes were simultaneous, observer B generally must conclude from his observations of the same events that the strikes are not simultaneous, thus demonstrating that simultaneity is a relative and not absolute concept.

(b) Einstein was strongly inspired by Maxwell’s theory of electromagnetism and viewed Galilean invariance for transformations between reference frames as being seriously flawed because it was inconsistent with Maxwell’s theory.  The special theory of relativity removed this inconsistency.  Explain the meaning of the preceding two statements.
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