Spring 2009 Qualifying Exam

Part II

Mathematical tables are provided.  Formula sheets are provided.
Calculators are allowed.

Please clearly mark the problems you have solved and want to be graded.  Do only mark the required number of problems.

Physical Constants:

Planck constant: h = 6.6260755  10-34 Js,  = 1.05457266  10-34 Js 
Boltzmann constant: kB = 1.380658  10-23 J/K 

Elementary charge: e = 1.60217733  10-19 C 

Avogadro number: NA = 6.0221367  1023  particles/mol 

Speed of light: c = 2.99792458  108  m/s 

Electron rest mass: me = 9.1093897  10-31 kg 

Proton rest mass: mp = 1.6726231  10-27 kg 

Neutron rest mass: mn = 1.6749286  10-27 kg 

Bohr radius a0 = 5.29177  10-11 m 

Compton wavelength of the electron: c = h/(me c) = 2.42631  10-12 m

Permeability of free space:  0 = 4 10-7 N/A2
Permittivity of free space:  0 = 1/0c2
Gravitational constant: G = 6.6726  10-11 m3/(kg s2)

Solve 6 out of the 8 problems!  (All problems carry the same weight) 
Problem 1:

A non-relativistic quantum mechanical particle of mass m is in a 1-dimensional potential, 
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(a)  Find the possible energy eigenvalues and normalized eigenfunctions.
(b)  The particle is in the ground state.  At what position x is it most likely to be found?
(c)  What is the expectation value of the particle position?

Problem 2:
A pendulum consisting of a mass m and a weightless string of length l is mounted on a mass M, which in turn slides on a support without friction and is attached to a horizontal spring with force constant k, as seen in the diagram.  There is a slot in the support in order that the pendulum may swing freely.

(a)  Set up Lagrange’s equations.

(b)  Find the frequencies for small oscillations. 
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Problem 3:

The question of the proton stability is one of the center questions of Grand Unification theories.  The present experimental limit of the proton lifetime from the Super Kamiokande experiment is τp > 1.6·1033 y.  More sensitive experiments have been proposed.  One of the possible proton decay modes is p ( e+ + π0, followed by the decay of the neutral pion into two photons: π0 ( γ + γ

Assume that the protons are at rest.
(a)  What is average flight distance of the neutral pion before its decay?

(b)  What are the maximum and minimum energies the photons can have?

Mp = 938.27 MeV

Mπ = 134.98 MeV

Me = 0.511 MeV

τπ = 8.4·10-17 s

Problem 4:
Consider the perfectly elastic scattering of a hard sphere of mass m and initial velocity v0 against a stationary hard sphere of mass M.  The sum of the radii of the two spheres is D. (a) Compute the energy lost by the small mass in the collision in the lab frame as a function of the scattering angle  in the center of mass frame.
(b)  Compute the probability P()d of scattering through an angle  in the center of mass frame, assuming that the particles m in the incident beam are uniformly distributed across a cross section of the beam.  Find the differential scattering cross section (), and show that your expression integrates to the known total hard sphere cross section D2. 
(c)  Use the results of parts (a) and (b) to compute the average energy loss per collision. For what value of m/M does the average energy loss maximize?

Problem 5:
Use the variational method to find the ground-state energy of a particle of mass m and potential energy 
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Choose the trial wavefunction (r) = Cexp(-kr) where k is the variational parameter.
(a)  What is the value of the normalization constant C?

(b)  What is the trial energy E(k)?

(c)  What is the condition on k that optimizes the variational energy?

(d)  For what values of a does this procedure yield a bound state?

Problem 6:

A charge array consists of two charges, each of magnitude +q, that are located on the z-axis at (0, 0, (a).

(a)  Find the potential V(0,0,z) at an arbitrary point z > a; then expand V(0, 0,z) in a power series in z.

(b)  Using this series as a “boundary condition”, find the potential V(r,(,() at an arbitrary location (r,(,() with r > a.  An infinite series is acceptable.

(c) Characterize the first three terms in 1/rn.
Problem 7:

Consider a particle of mass m and a spherically symmetric potential well 
V(r) = −V0 < 0 for r < a,
V(r) = 0 at r > a. 
(a)  Find the smallest V0 for which a bound state with zero angular momentum exists.
(b)  For a free particle of mass m incident on this potential, calculate the differential and total scattering cross section as E ( 0.
Problem 8:

An ideal heat engine is powered by two reservoirs of equal heat capacity C, which is temperature independent.  As the engine works, the reservoirs gradually equilibrate.  
(a)  Find the overall efficiency of the engine from the starting point where the reservoirs are at temperatures T1 = 90oC and T2 = 30oC to the moment of complete equilibration.
(b)  Now assume that a real heat engine is powered by the same reservoir with initial temperatures T1 = 90oC and T2 = 30oC.  Let C = 105J/oC.  The real engine’s overall efficiency is 20% of the overall efficiency of the ideal engine.  Find the change in entropy of the system once the reservoirs have equilibrated.
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