Fall 2006 Qualifying Exam

Part II

Mathematical tables are provided.  Formula sheets are provided.
Calculators are allowed.

Please clearly mark the problems you have solved and want to be graded.  Do only mark the required number of problems.

Physical Constants:

Planck constant: h = 6.6260755  10-34 Js,  = 1.05457266  10-34 Js 
Boltzmann constant: kB = 1.380658  10-23 J/K 

Elementary charge: e = 1.60217733  10-19 C 

Avogadro number: NA = 6.0221367  1023  particles/mol 

Speed of light: c = 2.99792458  108  m/s 

Electron rest mass: me = 9.1093897  10-31 kg 

Proton rest mass: mp = 1.6726231  10-27 kg 

Neutron rest mass: mn = 1.6749286  10-27 kg 

Bohr radius a0 = 5.29177  10-11 m 

Compton wavelength of the electron: c = h/(me c) = 2.42631  10-12 m

Permeability of free space:  0 = 4 10-7 N/A2
Permittivity of free space:  0 = 1/0c2
Gravitational constant: G = 6.6726  10-11 m3/(kg s2)

Solve 6 out of the 8 problems!

Problem 1:

A point mass m slides without friction along a wire bent into a vertical circle of radius a.  The wire rotates with constant angular velocity  about the vertical diameter, and the apparatus is placed in a uniform gravitational field g parallel to the axis of rotation.

(a)  Construct the Lagrangian for the point mass using the angle  (angular displacement measured from the downward vertical) as its generalized coordinate and find its equation of motion.

(b)  What are the equilibrium values for ?  For each equilibrium value, what is the condition for the equilibrium to exist?

(c)  For each equilibrium value, is the equilibrium stable or unstable against small displacements along the wire?  What is the oscillation frequency or growth rate of such perturbations?
Problem 2:

Determine the charge distribution that will give rise to the potential V(r) = kq exp(-mr)/r, with m a positive constants.  Calculate the total charge in the distribution.
Problem 3:

A particle of mass m is constrained to move in an infinitely deep, one-dimensional square well extending from -a to +a.  If this particle is under the influence of a perturbation 

H' = -A(x), where A is a constant and (x) is a delta function at x, calculate the first order corrections to the energy levels.  What is the condition that A must satisfy if the corrected n* energy level is to have a negative energy?

Problem 4:

In a purely classical model we consider a dielectric medium as a collection of uncoupled classical harmonic oscillators.  Assume that each oscillator consists of an electron connected to a fixed ion by a harmonic spring with frequency 0.
(a)  Write down and solve the equation of motion for the electron when a monochromatic electric field with frequency  is applied.
(b)  For an electron density n, calculate the electric polarization and the dielectric constant ().
(c)  For a free electron gas, at what frequency is  = 0?  What is the physical significance of this frequency?

Problem 5:

V(x) is an arbitrary repulsive potential localized at a position along the x-axis as shown below. 
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The solution of the Schroedinger equation must be of the form
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and assume A and B are arbitrary complex numbers.  Use conservation of flux to show that 

|S11|2 + |S21|2 = |S12|2 + |S22|2 = 1,

and that

S11S12* + S21S22* = 0.

Show that S is a unitary matrix.

Problem 6:

A pion () decays at rest into a muon () and a neutrino ().  In terms of the masses m and m (use the approximation m = 0), find:

(a)  the momentum, energy, and velocity of the outgoing muon.

(b)  In the rest frame of the outgoing muon, what is the energy of the neutrino?  What was the initial velocity of the pion in this frame?
Problem 7:

Some organic molecules have a triplet (S = 1) excited state that is located at an energy  above the singlet (S = 0) ground state.  Consider an ensemble of N such molecules where N is of the order of Avogadro’s number

(a)  Find the average magnetic moment <> per molecule in the presence of a magnetic field B.  Assume Boltzmann statistics.  You may also assume that  is large compared to the field-induced level splittings.

(b) Show that the magnetic susceptibility = N d</dB is approximately independent of  when kBT >> .
Problem 8:

An electron is in the spin state

= A 
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where we have used the eigenstates of Sz as our basis.

(a)  Determine the normalization constant A.
(b)  Find the expectation values of Sx, Sy, Sz.
(c)  Find the “Heisenberg uncertainties” Sx, Sy, and Sz.
(d)  Confirm that your results are consistent with Heisenberg’s uncertainty principle for all cyclic permutations of  Sx, Sy, and Sz. namely

Sx)2 (Sy)2 (  - 
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