Spring 2007 Qualifying Exam

Part II

Mathematical tables are provided.  Formula sheets are provided.
Calculators are allowed.

Please clearly mark the problems you have solved and want to be graded.  Do only mark the required number of problems.

Physical Constants:

Planck constant: h = 6.6260755  10-34 Js,  = 1.05457266  10-34 Js 
Boltzmann constant: kB = 1.380658  10-23 J/K 

Elementary charge: e = 1.60217733  10-19 C 

Avogadro number: NA = 6.0221367  1023  particles/mol 

Speed of light: c = 2.99792458  108  m/s 

Electron rest mass: me = 9.1093897  10-31 kg 

Proton rest mass: mp = 1.6726231  10-27 kg 

Neutron rest mass: mn = 1.6749286  10-27 kg 

Bohr radius a0 = 5.29177  10-11 m 

Compton wavelength of the electron: c = h/(me c) = 2.42631  10-12 m

Permeability of free space:  0 = 4 10-7 N/A2
Permittivity of free space:  0 = 1/0c2
Gravitational constant: G = 6.6726  10-11 m3/(kg s2)

Solve 6 out of the 8 problems!

Problem 1:

The electron in a hydrogen atom has the following angular momentum state:
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The Ylm are spherical harmonics, and ,  are the spin-up and spin-down spin states of the electron (ms = (1/2).
(a)  If you measured the orbital angular momentum squared (L2), what values might you get and what is the probability of each?

(b)  Answer the same question for the z-component of the orbital angular momentum (Lz).
(c)  Answer the same question for the spin angular momentum squared (S2).
(d)  Answer the same question for the z-component of the spin angular momentum (Sz).
Let J ( L + S be the total angular momentum.
(e)  If you measured J2, what values might you get and what is the probability of each?
(f)  If you measured Jz, what values might you get and what is the probability of each?
See HINT below. 

HINT: From the Clebsch-Gordan Table, we find that:
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In this notation, the coupled wave functions are labeled |J, MJ>.  The uncoupled wave functions are labeled |l,ml>|s,ms> where ml is the quantum number m in Ylm.
Problem 2:

A plane electromagnetic (EM) wave is incident on a free particle of charge q and mass m.  The EM wave causes the particle to oscillate and hence to radiate.  The interaction can be considered as a scattering of EM radiation with cross section 
T = (power radiated)/(incident flux).

Assume the interaction can be treated non-relativistically.
Using Larmor’s  radiation formula, show that
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Evaluate T for an electron.

Problem 3:

A photon of wavelength 0 ‘bounces’ off an electron (mass me), initially at rest.  The direction of the photon’s momentum after the collision makes an angle  with its direction before the collision.  What is the photon’s wavelength after the collision?

Problem 4:
Consider a point charge q located a distance d from the center of a grounded, conducting sphere of radius a < d.  Use spherical coordinates and locate the charge on the z-axis.
(a)  Find the potential outside the sphere.
(b)  Derive an expression for the induced surface charge density on the sphere.

(c)  Expand the potential in a power series in 1/r for r >> d and keep the first two terms.  What is the significance of these two terms?  Find the electric field to the same order.
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Problem 5:

Consider a three-state quantum mechanical system with an orthonormal ‘color’ basis {|R>, |G>, |B>} (‘red,’ ‘blue,’ and ‘green’ respectively).  Its evolution is governed by the Hamiltonian 
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(a)  Construct the matrix representation of this Hamiltonian using the {|R>, |G>, |B>} basis.

(b)  Find the energy eigenvalues and normalized eigenstates of the system.  Express the latter as linear combinations of |R>, |G>, |B>.

(c)  At time t = 0 the state vector is |(0)> = |G>.  Find the state vector |(t)> at an arbitrary time t.

(d)  After starting from the initial conditions of (c), the ‘color’ is measured at time t = t0 and found to be green.  What are the probabilities for the color to be measured as red, green, or blue at time t = 2t0?

Problem 6:
Find the eigenfrequencies and describe the normal modes for a system of three equal masses m and four springs, all with spring constant k, with the system fixed at the ends as shown in the figure below.  The motion can only take place in one dimension, along the axes of the springs.
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Problems 7:
Consider a two-dimensional infinite potential square well of width L, 
(V = 0 for 0 < x,y < L, V = infinite everywhere else) with an added perturbation
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(a)  Calculate the first order perturbation to the ground state energy eigenvalue.
(b)  Calculate the first order perturbation to the first excited state energy eigenvalue

Problem 8:
A cylinder is partitioned by a membrane into a volume V1 initially filled with a classical ideal gas of N particles with no internal degrees of freedom at temperature T, and a volume V2 initially enclosing a perfect vacuum.

(a)  The cylinder is in contact with a heat reservoir at temperature T.  The membrane is moved slowly without friction, allowing the gas to fill the entire cylinder.  Compute the work done by the gas, the heat transferred between the gas and the heat bath, and the change in the entropy of the gas.  Is this a reversible process?

(b)  The cylinder is returned to its initial state and insulated from the heat bath.  The membrane is allowed to break, releasing the gas to fill the entire volume.  Assume that the expansion occurs essentially instantaneously, and a new equilibrium is reached.  Compute the work done by the gas and the change in the entropy.  Is this a reversible process?
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