Spring 2005 Qualifying Exam

Part II

Mathematical tables are provided.  Formula sheets are provided

Calculators are allowed.

Please clearly mark the problems you have solved and want to be graded.  Do only mark the required number of problems.

Physical Constants:

Planck constant: h = 6.6260755  10-34 Js,  = 1.05457266  10-34 Js 
Boltzmann constant: kB = 1.380658  10-23 J/K 

Elementary charge: e = 1.60217733  10-19 C 

Avogadro number: NA = 6.0221367  1023  particles/mol 

Speed of light: c = 2.99792458  108  m/s 

Electron rest mass: me = 9.1093897  10-31 kg 

Proton rest mass: mp = 1.6726231  10-27 kg 

Neutron rest mass: mn = 1.6749286  10-27 kg 

Bohr radius a0 = 5.29177  10-11 m 

Compton wavelength of the electron: c = h/(me c) = 2.42631  10-12 m

Permeability of free space:  0 = 4 10-7 N/A2
Permittivity of free space:  0 = 1/0c2
Work 5 out of the 8 problems.

Problem 1:

For any two quantum-mechanical operators 
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 and 
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, the uncertainty principle says that 
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.  Consider a spin ½ particle.  Show that for the spin operators Sx and Sy the eigenstate |+> of the Sz operator is a minimum uncertainty state.

Problem 2:

The correctly normalized hydrogen ground state wavefunction in 3D is given by
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where a0 = 2/(mee2) is the Bohr radius, which is numerically ~0.529Ǻ.
(a)  Confirm that this does indeed satisfy the radial Schroedinger equation for hydrogen, and that the wavefunction is normalized to d3r |(r)|2 = 1
(b)  Two identical ions are introduced on the z-axis at locations z = +d and -d.  Assuming that the effect of each ion on the electron can be treated as a point interaction,
Ue – ion = 0 (r – rion),
calculate the change in the hydrogen atom's ground state energy using first order perturbation theory.

Problem 3:

HEPA is an asymmetric electron proton collider located near the city of Hamburg in Germany.  The energy of the electron beam is 26 GeV and the energy of the proton beam is 820 GeV.  Ignore baryon and lepton number conservation and calculate
(a)  the maximum number of neutral pions (mass of (0 = 134.98 MeV) that can be produced in one proton-electron collision.

(b)  What momentum would a beam of electrons incident on protons at rest need to have to produce the same number of pions as in part (a)

Problem 4:
A small object with mass m moves on a smooth, friction-free horizontal surface.  It is attached to a peg at the origin by an ideal massless spring with spring constant k and equilibrium length r0.  At time t = 0, the mass is set in motion in an arbitrary direction from point (r,().
(a)  Find the Lagrangian L for the system, then 
(b)  calculate the generalized momenta pj .
(c)  Construct the Hamiltonian function, H(pj, qj, t);
(d)  then work out the equations of motion dpj/dt and dqj/dt.  
(e)  Are any of the variables cyclic, thereby giving especially simple equations of motion?  If so, integrate the equation(s) and interpret your results physically.
(f)  Consider the special case that r = constant.  Deduce the condition(s) that allow this case and discuss how this occurs physically.
Problem 5:

A comet of mass m approaches the solar system with a velocity v0, and if it had not been attracted towards the sun, it would have missed the sun by a distance d. Calculate its minimum distance z from the sun as it passes through the solar system. Make and state any reasonable simplifying assumptions.
Problem 6:

A Wideroe linear accelerator consists of a series of cylinders connected to an alternating voltage.  A charged particle is accelerated during its passage through the gaps between the cylinders.  Inside the cylinders there is no acceleration.  The gaps all have equal lengths d, but the lengths of the cylinders, which are much longer than d, are chosen so that particles arrive at the gaps at the right phase of the alternating voltage to be accelerated.  Let there be N cylinders.  Find the length of the nth cylinder for a proton to be accelerated to the energy of 100 MeV if the frequency of the accelerating voltage is 150MHz and if the acceleration across each gap is assumed to be constant.
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Problem 7:

A uniform solid cylinder of mass m and radius r rolls without slipping on the inside surface of a fixed cylinder of radius R. Both cylinder axes are parallel and in the horizontal plane. Find the frequency of motion for small oscillations.
Problem 8:

Consider a periodic scattering potential with translational invariance V(r + R) = V(r), where R is a constant vector. Show that in the Born approximation scattering occurs only in the directions defined by (ki – kf)·R =  2n where ki is the initial wave vector, kf is the final wave vector and n is an integer.
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